Abstract. We prove the existence of sequences {ρ n }
Introduction
First we set some notations and conventions. We denote by ∆ the open unit disc in D . The family Π(f ) is not normal for a nonconstant f meromorphic on C. Normality properties of Π(f ) were studied from various angles, as will be explained in the sequel. 
where g is a nonconstant meromorphic (entire) function on C.
Moreover, g(ζ)
can be taken to satisfy the normalization g
Here g
Later X.C. Pang extended this result to be a criterion of (non) normality by replacing (1) by
where α is any real number satisfying −1 < α < 1. This generalization is very useful to deal with conditions for normality that involves derivatives, see [Pa1] , [Pa2] . The interested reader is referred to [PZ] for a modification of Zalcman's Lemma, dealing with families of functions having only multiple zeros.
In [Ne1] , we studied the collection of functions g that are limits in (1) by members of the family Π(f ), where f (z) is a given nonconstant meromorphic function on C.
We have the following result which will be proved in Section 2.
, such that for every α ∈ R and for every function G, meromorphic on C, there is a corresponding
These sequences may be said to be universal with respect to Zalcman's Lemma (or its extensions) by the families Π(F ). The theory of Q m -normal families was developed by X.T Chuang [Ch] . In [Ne3] it was shown that for every m ∈ N and ν = 1, 2, 3, . . . , ∞ there exists an entire function 
An analogous extension exists for Pang's modification, where for every 1 < α < 1 we have instead of (f)
We shall call this extension the extended N Lemma. The "natural" generalization to the N Lemma is not true in the direction (⇒) for a family F which is not Q m -normal in The proof of Theorem B is given in Section 3. We also give there an extension of Theorem B in the spirit of condition (f α ) in the extended N Lemma, for every α ∈ R.
Proof of Theorem A
Definition. Let B be a circle in C, centered at z 0 , and let L be a ray with origin at z 1 , tangent to B at z 2 . We say that L is tangent to B from the right (from the left) if
< 0 , where we take the argument −π < arg z ≤ π.
Construct now a sequence of closed disks, {B
, together with sequences of tangent rays,
, all originating at z = 0. For k = 2, let B 2 = ∆(1, log 2) and let R 2 (L 2 ) be the ray originating at z = 0 and tangent to B 2 from the right (left). Suppose we have defined B k , R k , L k for k ≥ 2. Let B k+1 be the disk that is centered on the circumference, {|z| = k+1 2 }, with radius of log(k + 1), such that L k is tangent to B k+1 from the right (i.e., R k+1 = L k ). L k+1 will be the ray that originates at z = 0 and is tangent to B k+1 from the left. It is easy to verify that B k , R k and L k are all well defined. Denote for each k ≥ 2 the following:
where {θ k } ∞ 2 is defined as follows:
T k -the arc on the circumference |z| = k 2 which subtends the angle α k
Geometrical considerations yield that
Note that B k and B k+1 are pairwise disjoint as we can deduce from (5) (for large enough k).
We deduce the relations
Dividing (7) by (6), we get
.
From (6) we see that
which means that the sequence {e
, circles the origin infinitely many times. We now show the existence of N ∈ N such that the disks {B k : k ≥ N } are pairwise disjoint. From (5) we get that B k ∩ B k+1 = ∅ for k ≥ N 1 . Let k ≥ N 1 be an integer and denote by j k the smallest integer that satisfies j k > k and L j k ⊂ V k . By (4) and (9), θ j k < θ k + 2π; so it is sufficient to prove that
|T k | 2 log k k→∞ 1; so there exists some β > 1 such that |T k | < β · 2 log k, k ≥ 2. By (9), we conclude that for some 0 < C < 1, k ≥ 2,
. In order to prove (11), it is sufficient to prove that
We distinguish two cases. Case (1) Suppose that j k > 2k. In this case, for some N 2 , we have
Case (2) Suppose that j k ≤ 2k. Then (12) implies that there exists N 3 such that for
From (14) and (15), we deduce (13); it follows then that
Define now for n ≥ 2,
and let G be a meromorphic function on C.
By the Mittag-Leffler Theorem, there exists a function h(z) meromorphic on C, such that the poles of h are exactly
where E n is the set of poles of h n in B n , and its singular part at any pole in B n is the singular part of h n at that pole. Then for
We create a sequence of approximating polynomials {p n } ∞ n=N , defined as follows. We choose p N to satisfy 
, and (23) max
By (16) and (23), {p n } is a uniform Cauchy sequence on each G n , n ≥ N, and hence uniformly convergent on G n for n ≥ N . Thus, by (17), there exists an entire function (20) and (22) yield that p is nonconstant. By (23), (22) and (24) and the equality of the singular parts of F and h n in B n , we get for ζ ∈ K, n ≥ N * :
and (2) follows. The assertion in (3) can be deduced from (4) and (10). The proof of Theorem A is completed.
Proof of Theorem B
Given a nonconstant entire function G, let F be an entire function corresponding to G by Theorem A with α = 0. For k ≥ 3, set
Define a sequence of natural numbers {k n } ∞ n=1 inductively. Set k 1 = 2. Suppose we have chosen k n . Choose k n+1 so that k n+1 > k n and |θ k n+1 − 2πn| is minimal. By (4) and (9), we then have
(k n+1 is chosen to satisfy that z k n+1 will be the closest z k to z = 1 2 at the end of the n-th lap of the origin by the sequence {z k } ∞ 2 ). We are now ready to define the ingredients in (a) -(f) of the N Lemma. Let E = {|z| = 1/2}, and let the sequence S = {f n } of functions of Π(F ) be defined by
then by (2), we get
}. Let z be such a point. By (9) and (10) there exists an increasing sequence of positive integers {k n,z } ∞ n=1 , such that for n ≥ 1
A sequence {k n,z } ∞ n=1 that satisfies (26) and (27) 
, and combining it with (6) we get for large enough n
So if lim
k n k n+1 < 1, we get a contradiction. Set 
From (25) and (28) 
